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ABSTRACT
This paper investigates why the observed critical Shields stress for incipient sediment motion deviates
from the Shields curve. This deviation is often described in the literature as due to measurement errors
and non-uniformity of channel-bed slope or flows. On the contrary, this paper hypothesises the
deviation as due to the presence of vertical velocity in open channel flows. We found that the
existence of vertical velocity in non-uniform flows can lead to the deviation of critical shear stress from
the standard Shield’s diagram that is valid only in uniform flows, and the channel bed slope could not
contribute to the flow’s non-uniformity. The new hypothesis was successfully tested with the
experimental data available in the literature. In addition, a new theory for critical shear stress has been
developed, which shows that the decelerating flows promote the mobility of sediment, but accelerating
flows constrain its mobility. A unified critical Shields stress for sediment transport has been
established, that can predict the critical shear stress for sediment initial motion in both uniform and
non-uniform flows.

1.

INTRODUCTION

The initiation of sediment motion is one of the most important topics in sedimentology and
geomorphology; generally there are two methods available in the literature to express the incipient
motion, i.e., the shear stress approach and velocity approach (Yang, 1996). As sediment transport is a
direct result of forces acting on a particle, the shear stress approach that represents the forces per unit
area on a particle has been widely used by researchers and scientists. The earliest one who used the
shear stress approach is probably Shields (1936), by realizing the difficulty to express analytically the
forces acting on a sediment particle, Shields used dimensional analysis to determine the
dimensionless parameters and the well-known Shields diagram was developed using the Shields
stress that is:

τ0
(1)
( ρ s − ρ ) gd 50
where τ 0 is the bed shear stress, g is the gravitational acceleration, d50 is the characteristic diameter
of sediment particle, ρ s and ρ are the densities of sediment and fluid, respectively. Shields found
that τ * depends only on the particle Reynolds number i.e.,
ud
R* = * 50
(2)
ν
where u* is the shear velocity ( u* = τ 0 / ρ ), ν is the kinematic viscosity of the fluid and d50 is the
τ* =

characteristic diameter of the particle.The original Shields diagram has been modified by many
researchers (e.g., see review by Buffington and Montgomery, 1997; Julien, 1995). It should be
highlighted that it is often found that there are significant deviation of the observed critical shear stress
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from the standard Shields curve, and this has attracted extensive attention in the research community.
Several investigators (Garde & Ranga Raju, 1985; Lavelle & Mofjeld, 1987; Wilcock, 1992; Buffington
& Montgomery, 1997) re-analyzed the critical Shields stress data, and they found that one reason for
the scatter is the definition of critical condition employed by different investigators, i.e., the large
discrepancy could be explained by the stochastic nature of turbulence and sediment itself as it is
difficult to define precisely the status of sediment particles. Consequently, it depends more or less on
the experimental observers’ subjective judgment, thus criteria like “individual initial motion”, “several
grains moving” and “weak movement” has been introduced to express the incipient motion (Yang,
1996).
The other reason of divergence is attributed to sediment mixtures, in which grain shape, orientation,
exposure, protrusion etc can affect the critical Shields stress (e.g. Wiberg and Smith, 1987; Wilcock,
1988; Kirchner et al., 1990; Johnston et al., 1998). It is understandable that when the material is nonuniform, it is very difficult to determine the condition of incipient motion, for example, the coarse
particles could move relatively easily and the smaller ones move less readily because they will be
sheltered (Garde & Ranga Raju, 1985).
Over eight decades, the incipient of motion of sediment transport has been extensively investigated
again and again (Baffington & Montgomery, 1997). There are two influential assumptions available in
the literature to explain why the Shields diagram cannot exactly predict the threshold of sediment
transport in practice. The first one, as mention before, ascribes the large scatters to the flow
parameters, like instantaneous rather than time averaged critical shear stress (Buffington et al., 1992).
Recently some researchers believe these deviations are due to the flow condition i.e., non-uniformity
(Afzalimhr et al., 2007), or to channel’s geomorphic parameters, i.e., channel-bed slope (e. g. Lamb et
al., 2008).
Probably, Iwagaki (1956) was the first one who linked the wide scatter in Shields diagram with flow’s
non-uniformity, as he observed that when the same bed material was applied, the observed critical
shear stress in non-uniform flows is highly different from that in uniform flows even when the same
“subjective judgment criteria” was applied. Neill (1967) also observed very large critical shear stress
deviation from Shields’ prediction and these large values can be due to some non-uniformity in
sediments. Afzalimhr et al. (2007) confirmed experimentally that in decelerating flows, they found that
critical shear stress is considerably below the Shields curve, and their experimental data are in
complete disagreement with the Shields diagram. Similar results are obtained by many researchers
like Andrews and Kuhnle (1993), and Dey and Raju (2002). Afzalimhr et al. (2007) concluded that
“…there is no universal value for τ * ” as shown in the Shields diagram, likewise Buffington and
Montgomery (1997) also complained “less emphasis should be given on choosing a universal τ * ”. As
these research works may undermine the basis of Shields diagram, the reasons of these divergences
should be clearly spelt out.
The other group of scientists also aims at this big question, and they made an attempt to link large
discrepancy from Shields’ curve to the channel’s natural characteristics, rather than the flow
structures, i.e., sediment particle size, channel-bed slope etc. (Andrews, 1994; Chiew & Parker, 1994;
Church et al., 1998; Patel & Ranga Raju, 1999; Dey & Debnath, 2000; Dey & Raju, 2002; Mueller et
al., 2005). For example, Graf and Suszka (1987) found that “the well-known Shields criterion is
insufficient for large slope”. Among these prominent researchers, the work done by Lamb et al. (2008)
is comprehensive, they re-visited and examined almost all published datasets and concluded that the
critical Shields stress for incipient motion of sediment in open-channel flow increase with channel
slope.Therefore, more research is needed to clarify why Shields diagram cannot predict the Shields
stress well in non-uniform flows. Besides, although these researchers have found the difficulty of
Shields diagram in practical application, but none of them has proposed a modified diagram that can
predict the universal τ * , which further justifies this research. The primary objectives of this paper
include (1) to investigate analytically the effect of non-uniform flow on the incipient of motion of
sediment; (2) to establish a universal relationship between dimensionless critical shear stress and that
the particle Reynolds number, by including both flow non-uniformity and channel-bed slope; and (3) to
verify the newly established equation using data from literature.

2.

INFLUENCE OF VERTICAL VELOCITY ON THE CRITICAL SHEAR STRESS

In order to answer why the Shields diagram is invalid to predict the threshold condition for sediment
motion in non-uniform flows, let’s start the flow conditions with upward/downward seepage flows as
shown in Figure 1, in which a river flow is often subject to upward seepage or downward suction due
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to the exchange of river water and groundwater in flood or dry periods. Obviously, the Shields diagram
may be able to predict the critical shear stress of particles when the external vertical velocity is
negligible or when the flow is uniform. In other words, it is understandable that the upward flow
increases the sediment particles’ mobility, or the threshold shear stress required is reduced due to the
upward motion, and vice versa. This required shear stress for sediment to move can be easily seen
from a net settling velocity of a particle in water when subject to a vertical velocity (taken as positive
upwards), i.e.
ω ' = ω − Vb
(3)

ω = particle’s settling velocity and ω ' = the net falling velocity, Vb = vertical velocity near the
bed. A spherical particle’s falling velocity ω in still water ( Vb = 0 ) can be expressed as:
where

Cd π

d 2 ρω 2
d3
=π
g (ρs − ρ )
4 2
6

(4)

where d is the particle diameter and Cd is the drag coefficient.
It can be seen that if the upwards velocity Vb is the same as the particles’ falling velocity

ω , the net

vertical velocity of the particle becomes zero, thus the particle can be suspended in the flowing water
like a neutrally buoyant particle. In such case, it is impossible to expect that the Shields diagram is
valid to predict the critical shear stress with the existence of upward vertical velocity. Likewise, if the
particles in Figure 1 are subject to the downward suction, then the net falling velocity ω ' is higher than
ω , and it seems that the particle become heavier, also in such case the threshold critical shear stress
is unpredictable.

(b)

(a)

Figure 1The upward and downward vertical velocity generating from seepage face (a) injection
seepage (b) suction seepage (Ladson, 2008, p99).
The above simple discussion clearly shows that with the presence of vertical velocity Vb near the bed,
the Shields diagram is invalid as the predicted values of critical shear stress in non-uniform flows
deviates significantly from the Shield’s prediction. This inference has been confirmed experimentally
by many researchers like Ramakrishna Rao and Nagaraj (1999) who observed the critical shear stress
subject to injection and suction flows, and a comprehensive literature review can be found from Lu et
al (2008). Alternatively, the presence of vertical velocity can be considered to alter the density of
sediment particles in the upward flow environment, or an “equivalent lightweight particle” in a still
water environment has the same settling velocity ω ' . This apparent alteration of sediment density will
produce the same effect for sediment transport, and this mathematical treatment can simplify the
complex interaction between horizontal and vertical motions in open channel flows. Obviously, the
upward flow reduces the apparent density, whilst increases it in the downward flow conditions. This
can be expressed in the following way:

Cd π

d 2 ρω '2
d3
=π
g ( ρ s' − ρ )
4 2
6

(5)

where ρs’ is the apparent density of sediment. From Equations (4) and (5), one can obtain:

ρ s' − ρ ⎛ ω − Vb ⎞
=⎜
⎟
ρs − ρ ⎝ ω ⎠

2

Equation 6 shows that if

(6)

Vb is equal to zero, then ρ s' is the same as the sediment’s density, but if Vb

is upwards or positive then ρ s is less than the density of sediment, if
'

density of water. But, if

Vb = ω , then ρ s' is same as the

Vb is downward or negative, the apparent density of sediment is higher than

the density of natural sediment, or the sediment’s stability is increased.
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Vb in Figure 1has the similar effect for the particles’ stability as the buoyancy

effect, i.e., the submerged weight of the particles is no longer ρ s – ρ, but

ρ s' –

ρ, thus the general

expression of Shields number should be

τ *' =

τ0
( ρ − ρ )gd 50

(7)

'
s

Substituting Equation 6 into Equation 7, one obtains:

⎛ ω ⎞
τ0
⎜
⎟
τ =
( ρ s − ρ ) gd 50 ⎜⎝ ω − Vb ⎟⎠

2

'
*

(8)

Equation 8 can be rewritten as follows

τ *' ⎛ ω ⎞
⎟
=⎜
τ * ⎜⎝ ω − Vb ⎟⎠

2

(9)

Equation 8 or 9 generally expresses the critical shear stress with the presence of vertical velocity Vb .

3. INFLUENCE OF NON-UNIFORM FLOW ON THE CRITICAL SHIELDS STRESS
It has been shown that the existence of vertical velocity will modify the particles’ mobility or stability. If
the non-uniform flows can change the particles’ Shields number, this means that vertical velocity may
exist in non-uniform flows. In other words, if the new modified Shields’ parameter shown in Equation 8
is universal, one must be able to detect the existence of vertical velocity Vb in non-uniform flows
theoretically and experimentally. For the flows shown in Figure 2, it can be seen that for a given flow
rate, the water depth keeps increasing in the decelerating flow, but decreasing in the accelerating flow,
i.e., dh / dx ≠ 0. The 2-D continuity equation can be written as follows:

vh

dh / dx > 0

dh / dx < 0
uh
uh

y

u

y

h

u
(a) Decelerating flow

x

h

vh

(b) Accelerating flow

x
Figure 2 Non-uniform flows in open channel and the variation of water depth

∂u ∂ v
+
=0
∂x ∂y

(10)

where u and v are the time-averaged local velocity in x and y directions respectively.Integration of
Equation 10 with respect to y yields

v = −∫

y

0

∂u
dy
∂x

(11)

Equation 11 shows that accelerating flows (i.e., ∂ u /∂x > 0) yield the negative or downward velocity;
but decelerating flows (i.e., ∂ u /∂x < 0) generates the positive or upward velocity. Hence, the presence
of vertical velocity is ascertained in the non-uniform flows. Next, it is necessary to quantify whether the
velocity in Equation 11is negligible when compared with the sediment settling velocity. The quantity of
vertical velocity can be estimated as follows in rectangular channels:
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Q = B U h = constant
(12)
where Q = discharge and this value is constant for a steady flow; U is the depth-averaged horizontal
velocity, h is the water depth and B is the channel width. The derivation of Equation 12 with respect to
x gives

d (Uh) d h
= ∫ udy = 0
(13)
dx
dx 0
The vertical velocity v h at the free surface can be obtained from Equation 11 using the Leibniz’s rule:
h ∂u
d h
dh
v h = −∫
dy = − ∫ udy + u h
(14)
0 ∂x
0
dx
dx
where u h is the horizontal velocity at the surface in the x direction. By inserting Equation 13 into
Equation 14, one obtains:

vh = u h

dh
dx

(15)

It is obvious that the influence of vertical velocity on sediment transport is not negligible. The fall
velocity ω can be calculated by (Julien 1995)

[

]

ωd 50
= 8 1 + 0.0139d *3 − 1
ν

(16)

In order to estimate the velocities at the water surface using Equation 15, the variation of water depth
can be evaluated by:

S0 − S f
dh
=
(17)
dx 1 − U 2 / gh
where S 0 and S f are the channel bed slope and energy slope respectively. Equation 17 clearly

shows that dh/dx depends on the channel slope S0 and almost all flows in rivers are non-uniform flows;
this is probably why the field data shows the dependence of critical shear stress on the channel slope
(Lamb et al, 2008).
To apply Equation 8 for the determination of critical shear stress, one needs to know the value of
vertical velocity Vb near the bed surface which has significant effect on critical Shields stress. So far
there is no equation to determine vertical velocity near the bed surface. To simplify its calculation, the
relationship between depth averaged vertical velocity V and that at the bottom Vb in this paper will be
investigated:

Vb = λV

(18)

where λ is an empirical coefficient to be determined based on experimental data. Inserting Equation
18 in to Equation 9, one has the new formulas for critical Shields stress:

τ *'
ω
)2
=(
τ * ω − λV
4.

(19)

MODIFIED SHIELDS DIAGRAM AND ITS VERIFICATION

To verify that Equation 19 can extend Shields’ diagram to non-uniform flows, we have compiled 170
data sets from Afazlimhr et al. (2007); Emadzadeh et al. (2010); Everts (1973); Cheng &Chiew
(1999);Gaucher et al. (2010); and Neil (1967). The hydraulic conditions of these experimental data
sets are summarized in Table 1. These data are plotted in the form of the Shields diagram based on
original definitions as shown in Figure 3. It can be seen that the observed critical shear stress highly
deviates from the standard Shields curve and this discrepancy cannot be simply attributed to
measurement errors. In Figure 3, the three lines represent the average Shields number and its
upper/lower limits of error band, the middle one is produced by Yalin and Karahan (1979) using
different experimental data and the two additional curves are defined by ± 100 error band (Sturm,
2010).
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Figure 3 The experimental data of incipient motion on the updated Shield’s diagram.
Table 1 Summary of hydraulic conditions for the 170 data set:
Researchers

Afzalimhr et al. 2007
(decelerating non-uniform
flow)
Everts, 1973
(uniform flow)
Emadzadeh et al. 2010
(accelerating non-uniform
flow)
Cheng & Chiew,
1999(seepage with
upward force)
Neil, 1967
(uniform flow)
Gaucher et al, 2010
(decelerating non-uniform
flow)

ω

S0

h (m)

U (m/s)

Fall velocity
(m/s) Equation 16

No. of
data
sets

8

0.0075 & 0.015

0.21-0.13

0.733-0.86

0.338

9

0.09-1.79

0.005

0.0098-0.088

0.32-0.38

0.015-0.156

35

0.8, 1.3,1.8

(-0.007)-(-0.015)

0.156-0.205

0.23-0.4

0.097,0.13,0.1565

36

1.95

0.01

0.027-0.076

0.164-0.399

0.1634

17

1.02

0.01

0.031-0.071

0.26-0.3

0.1135

11

5-29.1

0.01

0.07-0.128

1.25-0.284

0.13-0.62

59

0.91-4.36

0.01

0.125-0.14

0.29-0.56

0.105-0.245

d 50 (mm)

6

The experiments are briefly reviewed as follows:
1. Afzalimhr et al. (2007) conducted experiments in a rectangular laboratory channel (14m long, 0.6m
width and 0.5m depth) using an Acoustic Doppler Velocimeter (ADV) for velocity measurements. The
sediment size of d 50 = 8 mm was used for their observation. They generated decelerating nonuniform flow using large (positive) values of channel slope with operating the downstream tail gate.
Their findings showed that the value of critical shear stress in decelerating flow is smaller than that
proposed by Shields in uniform flow by 50%.
2. Experimental data from Everts (1973) contain 35 runs, different sediment sizes d 50 (1.79, 0.895,
0.508, 0.359, 0.245, 0.18 and 0.127 mm) with specific gravity =2.65 and 11 runs for

d 50 =(0.18, 0.127

and 0.09 mm) with specific gravity=4.7 were used in his experiment, also all his data points are
located below Shields’ prediction. These results are similar to Afzalimhr et al’s (2007) findings even
though Everts (1973) conducted his experiments in uniform flow.
3. Cheng and Chiew (1999) conducted their experiments to prove experimentally the effect of upward
seepage on the critical conditions of incipient motion. They produced 28 datasets in a glass sided
horizontal flume with 7.6m long, 0.21m wide and 0.4m deep using d 50 = 1.95 and 1.02 mm. They
proved that the increase of upward seepage causes a significant reduction of the critical shear velocity
which is lower than that expected by Shields.
4. Gaucher et al (2010) experiments are also included in Figure 3. The experiments were conducted in
a horizontal, rectangular glass walled flume with dimensions of 6m length, 0.5 m wide and 0.7 m deep.
Different types of non-cohesive materials were used ranged from d 50 =0.91to 4.36 mm and these
experiments were conducted in non-uniform flow conditions.
5. The experiments by Emadzadeh et al. (2010) were conducted in accelerating flow conditions, in a
rectangular flume of 14m long, 0.6m wide and 0.6m deep. The sediment size d 50 =1.8, 0.8 and 1.3
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mm was used for a total 36 data sets. In order to achieve non-uniform flow conditions, negative bed
slope (-0.7%, -0.9%, -1.25% and -1.5%) were used. They found that the critical Shields parameter
values for accelerating flow are higher than those predicted by Shields in uniform flow.
6. The experiments by Neil (1967) were conducted in a flume 0.9m wide with different particle sizes
and densities. Among the data obtained, 11 data points are obviously above the Shields curve. It
would be interesting to know whether the flows were accelerating or the value of dh / dx for these
data, but unfortunately these parameters are not reported by the author.

5.

ESTIMATION OF VERTICAL VELOCITY DISTRIBUTION

To quantitatively check the above hypothesis, the detail vertical velocity near the bed surface is
needed, but unfortunately, so far no such data is available in the literature, but we can determine it
indirectly using depth averaged vertical velocity V and its relationship with vertical velocity at water
surface v h :

dh v h
=
(20)
dx u h
where u h , v h are the mean horizontal and vertical velocities at water surface in x and y directions,
respectively. The water depth variation dh / dx was calculated by using Equation 17. In this calculation
Strickler’s formula was used to assess the Manning coefficient ( n ):
d 1/ 6
n = 50
(21)
21.1
The energy slope S f in Equation 17 was determined from the Manning Equation
Sf =

n 2U 2

(22)

R4/3

The mean horizontal velocity profile is often assumed to follow the power law:

u
y
= ( )1/ m
(23)
h
uh
where m is a coefficient; u is the time averaged point horizontal velocity and this value can be used
to determine depth averaged velocity ( U )which has the following formula:
h

U=

1
udy
h ∫0

(24)

Substitute Equation 23 into 24, and the integration with respect to (y) yields:

uh =

m +1
U
m

(25)

Equation 25 proves the relationship between depth averaged mean horizontal velocity U and mean
horizontal velocity at the water surface u h . m is assumed to be equal to 6 and therefore the
horizontal velocity at the water surface can be determined using Equation 25 after apply the value of
depth averaged horizontal velocity. Thus vertical velocity at the free surface can be estimated using
Equation 20 and 25 after knowing the value of dh / dx . To determine the vertical velocity near to the
bed surface in Equation 18, one needs to determine the depth averaged vertical velocity V which can
be known after developing its relationship with vertical velocity near the water surface. In order to
confirm this relationship, the following formula related to the relationship between depth averaged
vertical velocity V and the time averaged point vertical velocity v will be used:
h

1
V = ∫ vdy
h0

(26)

Song and Chiew (2001, p224) proved theoretically the relationship between time averaged vertical
and horizontal velocities

v, u respectively:
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dh y
(27)
dx h
where h is the water depth and y is the vertical distance measured from the reference level.
Substitution of Equations 20, 23 and 27 in to 26, one obtains the ratio between V and v h
v=u

subsequently:

V=

m
vh
2m + 1

(28)

Equation 28 shows the relationship between depth averaged vertical velocity and vertical velocity at
the water surface as a function of power law coefficient ( m ). In order to complete the calculations in
this study, the value of m as mentioned before is assumed to be 6, therefore the ratio between V and

v h is equal to 0.46. To confirm the assumption of m , the measurements of depth averaged vertical
velocity from Song (1994) and Song and Chiew (2001) are compared with Equation 28. These
comparisons are plotted in Figure 4 where the normalized measured vertical velocity presented as (
Vm / U ) and the calculated values are (Vc / U ) for both accelerating and decelerating steady nonuniform flows. It is found that the proved value of 0.46 resulting from
well.
0.01
Song &…

Vc

m =6 represents the data points

0

U
-0.015

-0.01

-0.005

-3E-17
-0.01
-0.02

0.005

0.01

Vm

U

Figure 4Comparison of measured and calculated ratio of depth average vertical velocity with
depth average horizontal velocity. Solid line represents the 45 degree line.
In order to determine the vertical velocity in sediment layer, one has to determine the value of λ . As
mentioned before, this empirical value should be determined by the experimental data. This value of
λ depends on the shape of sediment particle and the gaps or voids between these particles. If we
assume that particle sizes have uniform shape and the flume is covered fully by these particles, there
are gaps generated between these particles, therefore the generated seepage flow based on this
assumption can be obtained as:
(29)
Q s = V * A = V b * Ag
where

Q s is seepage flow discharge; A and Ag are total area discussed and total void area

respectively. Equation 29 will be rewritten as the following:

Vb =

A
*V = λV
Ag

(30)

In Figure 5b, the total area occupied by sediment particles is:

B
L π 2
(31)
*
* d 50 )
d 50 d 50 4
As the total area i.e. A is B * L , thus the void area where water can flow is:
B
L π 2
(32)
*
* d 50 )
Ag = B * L − (
d 50 d 50 4
where B and L are the width and length of area discussed. In this discussed area, we assume that
the seepage discharge near to the boundary layer Qs has similar value to the seepage discharge
As = (

A to the void
area Ag is assumed to be an empirical coefficient λ .This coefficient λ = A / Ag = 4 /( 4 − π ) is equal
along the water column i.e. Qs1 , and based on Equation 30, the ratio of discussed area

to 4.66 when the sediment sizes covered the channel bed are uniform. Therefore the value of λ
seems a constant based on these assumptions. However, this assumption has limitations because in
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practice it is difficult to get uniform shape of sediment and fully uniform sizes of gaps because small
sediment sizes can fill these gaps, therefore, the value of λ should be larger than 4.66.

Figure 5The side and plan views for laboratory flume with sediment particles.
Now, we are able to establish the relationship between the mean vertical velocity and the deviation of
data points in Figure 3 from the Shields curves. All these data sets in Figure 3 are selected for the
relationship development except Cheng and Chiew (1999) who already measured the seepage
upward velocity and this will be used for the modified Shields formulas (see Equation 9).

6.

THE MODIFICATION OF SHIELDS DIAGRAM

Now, it is necessary to investigate whether the new definitions of Shields number and Reynolds
number can collapse all data points shown in Figure 3 into a reasonable band. First, we need to check
whether all data points below the curves occurred in decelerating flows, and the data points above the
curves happened in accelerating flows.
Equation 6 can be rewritten as follows:

ρ s' ρ
V
ρ
=
+ (1 − )(1 − b ) 2
ρs ρs
ρs
ω

(33)

Substitute Equation 18 into 33 to obtain:

ρ s' ρ
ρ
V
=
+ (1 − )(1 − λ ) 2
ρs ρs
ρs
ω

(34)

First the proposed formula is calibrated using data sets from Everts (1973); Cheng and Chiew (1999);
Afazlimhr et al. (2007); and Gaucher et al, 2010, which have lower values of critical shear stress than
expected by Shields, and data sets from Neil (1967) and Emadzadeh et al. (2010), which have higher
values of critical shear stress. All these available data sets will be used separately to identify the
influence of vertical velocity generated from non-uniform flows on the increase and decrease of
sediment density in non-uniform flow. Based on the general assumption for the empirical value of λ ,
this value should be larger than 4.66, then this value is found equal to 10 in decelerating flow while its
value equals to 30 in accelerating flow. These values are different for both types of non-uniform flow
because the area of sediment particles in accelerating flow should be higher than in decelerating flow
and these results as expected from the influence of vertical velocity on sediment particles. After
applying the proposed values of λ in accelerating and decelerating flow according to Equation 34, the

apparent density of sediment ρ s' can be determined, and then apply these values of apparent
sediment density in Equation 7 to determine the modified values for dimensionless critical shear stress

(a)

(b)

Figure 6The dimensionless critical shear stress based on available experimental data in
decelerating flow (a) the original value of critical shear stress (b) the modified value of critical
shear stress.
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and particle diameter. Figures 6 and 7 show the original and modified Shields diagram based on the
influence of vertical velocity near the bed surface on the sediment density in decelerating and
accelerating flow.
As can be seen by inspection of Equation 7, the positive value of vertical velocity near to the boundary
layer and the assumed value of λ to be 10 can increase the value of τ * . To demonstrate the
performance of Equation 7, the relative error between the measurements (subscript m ) and Shields’
'

p ) is defined as E = │ τ *m - τ * p │/ τ *m . From Figure 6 (a, b), this relative error is
given as an average E of 336.4% between the measurement of previous researchers and Shields
prediction (subscript

prediction (Figure 6a), and 132.8% between modified Shields stress (using Equation 7) and Shields
values (Figure 6b). It is clearly seen that the relative error has low value when Equation 7 is applied,
while the determined error using the measured critical shear stress is higher. Based on this low error,
the proposed equations are able to reduce the error between the measurement and Shields’
prediction.
(a)

(b)

Figure 7The dimensionless critical shear stress based on available experimental data in
accelerating flow (a) the original value of critical shear stress (b) the modified value of critical
shear stress.
Figure 7 (a, b) shows the measured and modified Shields stress in accelerating flow. The original
values of critical shear stress obtained from laboratory experiments which have been done by Neil
(1967) and Emadzadeh et al. (2010) are presented in Figure 7a while their modification using
Equation 7 are plotted in Figure 7b after estimate the negative value of vertical velocity. In this paper,
it is found that the proposed Shields value yields better result if λ = 30 is applied. The relative error is
36% in Figure 7a, bigger than the relative error of 19.5% in Figure 7b, which indicates that the
modified Shields values agreed the Shields’’ prediction, especially when the influence of vertical
velocity is existed.
It can be seen from Figures 6b and 7b that the collapses of data clearly show the modified values of
critical shear stress have a less scatter than their measurement, however, these modifications do not
predict exactly the Shields’ curve. This scatter could be attributed to the measurement errors or the
assumption values that have been made in this study which may not be always the true.

7.

DISCUSSIONS

In the previous sections, the Shields diagram has been updated to determine the critical shear stress
for the incipient motion of sediment transport on different bed slope. This study discovers that the
Shields diagram is valid only for a uniform flow which rarely occurs in nature as flows in rivers are nonuniform flow and therefore, this updating is universal to predict incipient motion of sediment for both
uniform and non-uniform steady flows. The modified Shields diagram includes the influence of nonuniformity on the incipient motion. In this paper, the most important parameter for a non-uniform flow
or the existence of vertical velocity is included in our model; with its inclusion the extension of Shields’
diagram becomes achievable. According to the similarity between seepage discharge Qs at the

Qs1 at any point along the water column, the relationship
between depth averaged vertical velocity V and this vertical velocity at the boundary layer Vb is found
relating to the coefficient λ . The values of average depth vertical velocity V and the coefficient λ were

boundary layer and the seepage discharge

predicted from the available observed data. The value of depth averaged vertical velocity is evaluated
from the water surface value. The coefficient λ was determined empirically and it is found that the
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value of λ in an accelerating flow is higher than in a decelerating flow. This is because the small
sediment particles fill the gaps in accelerating flows, but the small particles are slightly lifted in
decelerating flows. Therefore, the sediment distributions are the main factor for this coefficient and
they should be identified for each experiment data. If we compare between similar values of d 50 used
in different types of flow, the generated empirical values of

λ

are also different.

For example, in an accelerating flow, Emadzadeh et al., (2010) used
decelerating flow,

(d 50 ) = 1.8mm while in a

d 50 =1.88mm was used by Gaucher et al., (2010). However, the value of λ in

accelerating flow is higher than in decelerating flow. The reason for this is attributed to the sediment
gradation in accelerating flow is larger than in decelerating flow. In accelerating flow, the author used a
large diameter d 84 = 1.7mm can pass sieve about 84% and the small sizes d16 = 0.68mm can pass
the sieve with a ratio 16%. These different distributions are able to fill the gaps, and based on the
relationship between λ and gaps area i.e. λ = A / A g , the smaller gaps area can generate larger
value of λ . Therefore, the value of λ in accelerating flow is assumed to be 30 and the value of this
coefficient is applicable for Neil (1967) even the sediment distribution did not reported in his
experiment.
While in decelerating flow, Gaucher et al., (2010) used low sediment distribution which means that the
maximum value of sediment diameter can pass 100% through sieve while small sizes can only pass
about 5%. Therefore, the value of λ is assumed to be equal to 10 due to these lower sediment
distribution. In order to demonstrate this assumption, the assumed λ is able to predict critical shear
stress in other selecting experimental data relating to decelerating flow with lower relative error
compared to the original data.

8.

CONCLUSIONS

This paper investigated why the observed critical shear stress often deviates from Shield’s prediction
and it is shown that this deviation is mainly attributed to the vertical velocity caused by accelerating
and decelerating non-uniform flows. It is found that the increase or decrease of mean horizontal
velocity along a channel flow can affect the value of critical shear stress whether higher or lower than
the expected value by Shields in uniform flow.
When the flow is accelerating (increase flow velocity with decrease water depth along the channel)
vertical velocity is negative or has downward effect; while the flow is decelerating (decrease flow
velocity with increase water depth along the channel) the vertical velocity is positive or it has upward
direction. The negative vertical velocity enhances the critical shear stress while the positive velocity
lessens the critical shear stress.
A concept of apparent density is proposed to express the influence of vertical velocity. In an
accelerating flow, the apparent sediment density becomes heavier due to the downward direction;
while in decelerating flow, the apparent sediment density becomes lighter due to the upward direction.
To observe these two phenomena, the formulas for dimensionless critical shear stress and particle
diameter have been modified based on the impact of vertical velocity on the apparent sediment
density. According to available experimental data in the incipient motion, a clear collapse on the
modified Shields diagram shows the influence of vertical velocity on the apparent sediment density.
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